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Resumo 
 
MAULER NETO, Martim, Análise Dinâmica de Chapas Trincadas com Reparos de Material 
Compósito Utilizando o Método dos Elementos de Contorno, Campinas: Faculdade de 
Engenharia Mecânica, Universidade Estadual de Campinas, 2009. 104 p. Dissertação 
(Mestrado) 
 
  O objetivo deste trabalho é desenvolver uma ferramenta computacional para a análise 
dinâmica de chapas trincadas com reparos de material compósito colados. O método numérico a 
ser empregado para a modelagem do problema de mecânica da fratura da chapa, é o Método Dual 
de Elementos de Contorno (DMEC), que permite modelar a chapa em uma única região aplicando 
uma equação integral de deslocamentos em uma das faces da trinca, e uma equação integral de 
forças de superfície na outra face da trinca. As forças de corpo devido às massas da chapa e do 
reparo sob solicitação dinâmica serão modeladas através da técnica do Método de Dupla 
Reciprocidade de Elementos de Contorno (DRMEC), que permite a utilização de soluções 
fundamentais da elastoestática para a análise de problemas da elastodinâmica. O acoplamento 
entre a chapa metálica isotrópica e a chapa de laminado compósito anisotrópico, será modelado 
pela técnica do DRMEC para a análise de esforços devidos ao cisalhamento no adesivo. A tensão 
de cisalhamento no adesivo será calculada pela diferença de deslocamentos entre a chapa metálica 
e o compósito. Os efeitos dinâmicos de intensidade de tensão serão calculados por técnicas 
baseadas no deslocamento relativo das faces da trinca e por integrais de energia de domínio 
(EDI). 
 
Palavras Chave: Materiais Compósitos, Anisotropia, Mecânica da Fratura, Elementos de 
Contorno, Integral de Energia de Domínio. 
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Abstract 
 
MAULER NETO, Martim, Dynamic Analysis of Cracked Sheets Repaired with Composite 
Patches Using Boundary Elements Method, Campinas: Faculdade de Engenharia Mecânica, 
Universidade Estadual de Campinas, 2009. 104 p. Dissertação (Mestrado) 
 
The aim of this paper is to present the formulation and matrix implementation of a dynamic 
analysis of cracked sheets repaired with adhesively bonded composite patches. The numerical 
method that is used for modelling the problem of fracture mechanics is the dual boundary 
elements method (DBEM), which allows the modelling of a cracked sheet in a single region. This 
method uses a displacement integral equation in one of the sides of the crack surface and a 
traction integral equation in the other side of the crack surface. The body forces, due to the 
inertial effects of the sheet and the repair, and the interaction effect between the sheet and the 
anisotropic patch, are modelled using the dual reciprocity boundary elements method (DRBEM) 
technique, which allows the use of fundamental solutions from the elastostatics into problems of 
elastodynamics. The coupling between the isotropic metallic sheet and the anisotropic composite 
repair is modelled by the DBEM technique, in order to obtain the shear stress distribution in the 
adhesive layer. The shear stresses in the adhesive layer are obtained by the difference of nodal 
displacements between the sheet and the repair. The dynamic effects on the stress intensity factors 
are calculated by techniques based on the relative displacement of the crack faces and energy 
domain integration (EDI). 
 
 
Key Words: Composite Materials, Anisotropy, Fracture Mechanics, Boundary Element Method, 
Energy Domain Integral. 
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%&'(& )*+,-./0& 10,2304 * +5401* ,0 )*+&'(+'0& 067&'-)(& ,0 89 :(1( #9" ;*4*< ( ,-10.=*
:1-+)-:(6 ,* '0+&*1 ,0 '0+&/0& +=* '04 +0)0&&(1-(40+'0 ( 40&4( ,-10.=* :1-+)-:(6 ,* '0+&*1
,0 ,0>*14(./0&< &*40+'0 98 ,(& #9 )*+&'(+'0& 067&'-)(& &=* -+,0:0+,0+'0& ?#!@" ;*+&-,01(+,*
&*40+'0 (& #9 )*+&'(+'0& 067&'-)(&< ( 0A" !"9$ :*,0 &01 0&)1-'( )*4*B


σ11
σ22
σ33
σ23
σ13
σ12


=


C1111 C1122 C1133 C1123 C1113 C1112
C1122 C2222 C2233 C2223 C2213 C2212
C1133 C2233 C3333 C3323 C3313 C3312
C1123 C2223 C3323 C2323 C2313 C2312
C1113 C2213 C3313 C2313 C1313 C1312
C1112 C2212 C3312 C2312 C1312 C1212




ε11
ε22
ε33
ε23
ε13
ε12


.  !"!$
C0 >*14( (6'01+('-D(< ( 0A" !"9$ :*,0 &01 0&)1-'( )*4*B
εij = Sijklσkl,  !"E$
*+,0 Sijkl F 24 '0+&*1 ,0 A2(1'( *1,04< &-4-6(1 (* '0+&*1 Cijkl< )*+G0)-,* )*4* '0+&*1 ,0
fl0I-J-6-,(,0" K 0A" !"E$ :*,0 &01 0&)1-'( )*4*B


ε11
ε22
ε33
2ε23
2ε13
2ε12


=


S1111 S1122 S1133 2S1123 2S1113 2S1112
S1122 S2222 S2233 2S2223 2S2213 2S2212
S1133 S2233 S3333 2S3323 2S3313 2S3312
2S1123 2S2223 2S3323 4S2323 4S2313 4S2312
2S1113 2S2213 2S3313 4S2313 4S1313 4S1312
2S1112 2S2212 2S3312 4S2312 4S1312 4S1212




σ11
σ22
σ33
σ23
σ13
σ12


.  !"L$
M'-6-3(+,* ( +*'(.=* '0+&*1-(6 10,23-,( :1*:*&'( :*1 N0OG+-'&O-- ?#!@< 0&'( 0A2(.=* :*,0 &01
0&)1-'( )*4*B
9!


ε1
ε2
ε3
ε4
ε5
ε6


=


a11 a12 a13 a14 a15 a16
a21 a22 a23 a24 a25 a26
a31 a32 a33 a34 a35 a36
a41 a42 a43 a44 a45 a46
a51 a52 a53 a54 a55 a56
a61 a62 a63 a64 a65 a66




σ1
σ2
σ3
σ4
σ5
σ6


,  !"#$
%&'() 

ε1
ε2
ε3
ε4
ε5
ε6


=


ε11
ε22
ε33
2ε23
2ε13
2ε12


,  !"*$
() 

σ1
σ2
σ3
σ4
σ5
σ6


=


σ11
σ22
σ33
σ23
σ13
σ12


,  !"+$
,- .(/0%- aij '1 (2" !"#$ 3%'(0 -(/ (43/(--%- (0 .(/0%- '( 5%&-.1&.(- '( (&6(&71/81 5%0%
9:!;)
a11 = 1/E1 a12 = ν12/E1 = −ν21/E2
a13 = −ν31/E1 = −ν13/E3 a14 = η23,1/E1 = η1,23/G23
a15 = η32,1/E1 = η1,32/G23 a16 = η12,1/E1
a22 = 1/E2 a23 = ν32/E2 = −ν23/E3
a24 = η23,1/E2 = η23,3/G23 a25 = η32,2/E2 = η2,31/G13
a26 = η12,2/E2 = η2,12/G12 a33 = 1/E3
a34 = η23,3/E3 = η3,23/G23 a35 = η31,2/E3 = η3,31/G13
a36 = η12,3/E3 = η3,12/G12 a44 = 1/G23
a45 = ξ32,23/G23 = ξ23,31/G13 a46 = ξ12,23/G23 = ξ23,12/G13
a55 = 1/G13 a56 = ξ12,31/G13 = ξ31,12/G12
a66 = 1/G12
,  !"<$
%&'( Ek = % 0>'?@% '( A%?&6 /(B(/(&.( 1% (84% xk ( Gij = % 0>'?@% '( 58-1@710(&.% 31/1
% 3@1&% '(fi&8'% 3(@%- (84%- xi ( xj" D- 5%&-.1&.(- νij -E% %- 5%(fi58(&.(- '( F%8--%&" D-
5%&-.1&.(- ηjk,l -E% '(&%08&1'1- 5%(fi58(&.(- '( 8&fl?H&581 0I.?1 '( 3/80(8/1 (-3=58(J 2?(
51/15.(/8K10 (4.(&-L(- &1- '8/(ML(- '%- (84%- 3/8&58318- '% 01.(/81@J 3/%'?K8'1- 3%/ .(&-L(-
NO
 !"#$"%&!&' !#&"() ")' *+!")' *,&"%&*!&' () -! $,&!+ ./01 2' %)"' !" $' ηl,jk '3) ($")-&"!(!'
%)$fi%&$" $' ($ &"fl67"%&! -8 6! ($ '$#6"(! $'*9%&$: ;6$ $<*,$''!- ($=),-!>?$'  !"#$"%&!&'
")' *+!")' *,&"%&*!&': %!6'!(!' *$+!'  $"'?$' "),-!&' ! 6!" $' ")' *+!")' *,&"%&*!&'1 2' %)"@
' !" $' ξij,kl '3) )' %)$fi%&$" $' ($ AB$" ')C ./0: ;6$ %!,!% $,&D!- !' ($=),-!>?$'  !"#$"%&!&'
$- *+!")' *!,!+$+)' !)' *+!")' *,&"%&*!&' ($ $+!' &%&(!($: %!6'!(!' *),  $"'?$'  !"#$"%&!&'
;6$ ! 6!- $- *+!")' *!,!+$+)' !)' *+!")' *,&"%&*!&' ($ $+!' &%&(!($1
E- $' !() *+!") ($  $"'3) (σ3 = σ4 = σ5 = 0): ;6!+;6$, -! $,&!+ *)($ '$, $<*,$'') 6 &@
+&D!"() ')-$" $ F %)"' !" $' &"($*$"($" $'1 G$' ! =),-!: ! $;1HI1FJ *)($ '$, $<*,$''! "!
=),-!K


ε1
ε2
ε6

 =

 a11 a12 a16a21 a22 a26
a61 a62 a66




σ1
σ2
σ6

 . HI1/LJ
M6N' & 6&"() !' $;1HO1/J $ $;1HI1/J "! $;1HO1IJ: )N 9-@'$ ! $;6!>3) ($ $;6&+PN,&) $'%,& ! $-
=6">3) ()' ($'+)%!-$" )'K
Cijkluk,jl + pi = 0, HI1//J
)"($K
pi = ρ (bi − u¨) , HI1/OJ
9 )  $,-) ;6$ %)" $- !' =),>!' ($ %),*)1
 ! "#$%&'( )' *'$(+, )' -./0
Q!  $),&! ($ $+!' &%&(!($ !"&') ,R*&%!: )  $"'), ($  $"'?$' *)($ '$, $'%,& ) "! =),-! ($
=6">?$' ($  $"'3) ($ 2&,S F (x1, x2) (!(!' *), .OI0K
σ11 = F,22 +Υ
σ22 = F,11 +Υ, HI1/IJ
/T
σ12 = −F,21
 !"# Υ $ %&' (%!)* + ,#!-.'/ "'"' + 01
Υ,i = pi. 234567
8%9:,.,%.!" ' #;4234537 !' #;42345<7 # !' #;%')* "# - &+',.9./."'"# 2=4=7>  9,$&?:# '
#;%')* ".(#0#!-.'/ +'0' ' (%!)* "# ,#!:* F (x1, x2)1
a11F,2222 − 2a16F,1222 + (2a12 + a66)F,1122 − 2a26F,1112 + a22F,1111 =
− (a12 + a22)Υ,11 + (a16 + a26)Υ,12 − (−a11 + a12)Υ,22 . 2345@7
A -': +'0,.-%/'0  !"# pi = 0> ' #;%')* '-.&' + "# :#0 #:-0.,' +'0' '!B/.:# #:,B,.-' - & 1
a11F,2222 − 2a16F,1222 + (2a12 + a66)F,1122 − 2a26F,1112 + a22F,1111 = 0. 2345C7
D#fi!.!"   +#0'" 0 ".(#0#!-.'/
∆k =
∂
∂x2
− µk ∂
∂x1
, 2345F7
# '+/.-'!" #:,#  +#0'" 0 !' (%!)* "# ,#!:* F (x1, x2)1
∆1∆2∆3∆4F = 0, 2345G7
# #H+'!".!" #:,' #;%')* >  9,$&?:#1
F,2222 − (µ1µ2µ3µ4)F,1222
+(µ1µ2 + µ1µ2µ3µ4 + µ2µ3 + µ2µ4 + µ3µ4)F,1122
− (µ1µ2µ3 + µ1µ2µ4 + µ1µ3µ4 + µ2µ3µ4)F,1112
+(µ1µ2µ3µ4)F,1111 = 0
. 2345I7
J: #;42345C7 # #;42345I7 :#0* .K%'.: :# µ1> µ2> µ3 # µ4 ( 0#& 0'LM#: "' #;%')* 1
a11µ
4 − 2a16µ3 + (2a12 + a66)µ2 − 2a26µ+ a22 = 0. 234=<7
5C
 ! "#$%&! '# &()*+),-. /#"# (0#1(0&" 2#!3 !43 235/1&6#! 30 75#879:"7#! /0"#!; 323""&9'3
!&5/"& #3! /#"&! (µk e µ¯k) <,=>)
?&fi979'3 # A#"7#A&1 zk 2353B
zk = x1 + µkx2, *+),C.
D&5E!& (0&B
∆k =
∂
∂x2
− µk ∂
∂x1
=
d
dzk
. *+),,.
?&fi979'3 F (x1, x2) 2353 05# F09G43 "&#1; D&5E!& (0&B
F (x1, x2) = 2Re [F1 (z1) + F2 (z2)] . *+),+.
H9D"3'0%79'3 # 93D#G43B
dF (x1, x2)
dzk
= Ψk (zk) , *+),=.
& #23/1#9'3 #! &()*+),+. & &()*+)C+. 3IDJ5E!& #! 235/39&9D&! '3 D&9!3" '& D&9!K&!B
σ11 = 2Re
[
µ21Ψ
(1)
1 (z1) + µ
2
2Ψ
(1)
2 (z2)
]
σ22 = 2Re
[
Ψ
(1)
1 (z1) + Ψ
(1)
2 (z2)
]
σ12 = −2Re
[
µ1Ψ
(1)
1 (z1) + µ2Ψ
(1)
2 (z2)
]
,
*+),L.
39'& Ψ
(1)
k J # '&"7A#'# /"75&7"# '& Ψk &5 "&1#G43 M zk)
 23/1#9'3 # &()*+),L. M &()*,)CC.; & 79D&98"#9'3; 3IDJ5E!&B
u1 = 2Re [q11Ψ1 (z1) + q12Ψ2 (z2)]
*+),N.
CO
u2 = 2Re [q21Ψ1 (z1) + q22Ψ2 (z2)] ,
 !"#$
qαβ =
[
a11µ
2
β + a12 − a16µβ
a12µβ + a22/µβ − a26
]
%&'()*
+ , !-#,."/ , 0 0/12.3 "# 4/250#12 6 , 047#8 6'
9# /6 , !".:;#6 "# , !1 2! < 2#0 #61/=#7#,."/6> / <?!:@ "# 1#!6;#6 "/"/6 4#7/ #A'%&'B&*
4 "# 6#2 "#fi!."/ 4/2/ 6/1.6</3#2 #61/6 , !".:;#6' D#61/ < 20/>  6 ,/04 6 "# 1#!6;#6 "#
"#67 ,/0#!1 6> "/" 6 4#7/6 #A'%&'(E* # #A'%&'(F*> 4 "#0 6#2 #!, !12/" 6'
 !" #$%&'()* +,-*./.%./0&* 1&2& %3 4&3/-&5,
G 2#7/:@ 1#!6@ "#< 20/:@ "# ?0 7/0.!/"  21 12H4., 4 "# 6#2 "#fi!."/ 4 2$

 σ11σ22
σ12

 =

 Q11 Q12 0Q21 Q22 0
0 0 2Q66



 ε11ε22
ε12

 , %&'(I*
 !"# /6 , 04 !#!1#6 Qij " 1#!6 2 "# 2.J."#3 6@ "/"/6 4 2$
Q11 = E1/ (1− ν12ν21)
Q22 = E2/ (1− ν12ν21)
Q66 = G12
Q16 = Q26 = 0
Q12 = ν21E1/ (1− ν12ν21) = ν12E2/ (1− ν12ν21)
. %&'(K*
9#!"  7/0.!/" > 0 612/" !/ L.J'%&'B*>  21 12H4., > 6?/6 2#7/:;#6 , !61.1?1.M/6 4 "#0 6#2
,/2/,1#2.3/"/6 4 2 E , !61/!1#6 #7N61.,/6$ O6 0H"?7 6 "# #7/61.,."/"# E1 # E2 !/6 ".2#:;#6 x1
# x2>  0H"?7 "# ,.6/7-/0#!1 G12 #  0H"?7 "# P .66 ! ν12' G Q71.0/ , !61/!1# #7N61.,/
!#,#66N2./ 4 "# 6#2 "#1#20.!/"/ 4#7/ 6#J?.!1# 2#7/:@ , !61.1?1.M/$
ν21E1 = ν12E2. %&'&R*
BI
 !"#$% &'() *+,-./0 1, /%-!2%10 0$303$4.!50
*- -#!306 5%6067 06 ,!+06 10 /%-!2%10 (w1, w2) 280 680 50!25!1,23,6 50- % 1!$,980 1, 6#%6
fi;$%6 (w¯1, w¯2)' <,63, 5%607 % $,/%980 50263!3#3!=% 1, 5%1% 5%-%1% 1,=, 60>$,$ #-% 3$%26?
>0$-%980 .%$% 0 ,!+0 1, $,>,$@25!% 10 /%-!2%10 A !"'&'BC7 , %66!- % 6#% $,/%980 50263!3#3!=%
.01, 6,$ 1,fi2!1%' *63% 3$%26>0$-%980 D $,%/!E%1% -#/3!./!5%210 06 3,260$,6 1, 3,26F,6 ,
1,>0$-%9F,6 .0$ #-% -%3$!E 1, 3$%26>0$-%980)
σ
′
ij =  σij
A&'&(C
ε
′
ij =  εij,
021, σij , εij 680 06 3,260$,6 1, 3,26F,6 , 1,>0$-%9F,6 $,>,$,23,6 %0 ,!+0 10 /%-!2%10' G
-%3$!E 1, 3$%26>0$-%980  D 1%1% .0$)
 =

 m
2 n2 2mn
n2 m2 −2mn
−mn mn m2 − n2

 , A&'&BC
(H
 !"#$% &'() *!+,-.% /- 011$/-2%/%+ /- #. 3%.!2%/1
12/- m = cos θ - n = sin θ' 41"15 % -6#%781 012+,!,#,!9% :1/- +-$ -+0$!,% 01.1)


σ
′
11
σ
′
22
σ
′
12

 =  −1!
(
 
−1
)T


ε
′
11
ε
′
22
ε
′
12

 . ;&'&&<
=#3,!:3!0%2/1 %+ .%,$!>-+ 2-+,% -6#%7815 ,-.?+-)


σ
′
11
σ
′
22
σ
′
12

 =

 Q¯11 Q¯12 Q¯16Q¯21 Q¯22 Q¯26
Q¯61 Q¯62 Q¯66




ε
′
11
ε
′
22
ε
′
12

 , ;&'&@<
12/-)
Q¯11 = Q11 cos
4 θ + 2 (Q12 + 2Q66) sin
2 θ cos2 θ +Q22 sin
4 θ
Q¯22 = Q11 sin
4 θ + 2 (Q12 + 2Q66) sin
2 θ cos2 θ +Q22 cos
4 θ
Q¯12 = (Q11 +Q22 − 4Q66) sin2 θ cos2 θ +Q12
(
sin4 θ + cos4 θ
)
Q¯66 = (Q11 +Q22 − 2Q12 − 2Q66) sin2 θ cos2 θ +Q66
(
sin4 θ + cos4 θ
)
Q¯16 = (Q11 −Q12 − 2Q66) sin θ cos3 θ + (Q12 −Q22 + 2Q66) sin3 θ cos θ
. ;&'&A<
(B
 !" #$%&'$()* +&%,-.&/)*
 !"#$!%&' '#"()*#+&' ',& -!"#$!%&' +./!' -0"#$!' ',& .$#%!' %1 2&*"! 3.14 5!*! +!%! -0"#$!
+&-&+!%! ! ." %&' -!%&' %& 5-!$& "(%#& %& +&$/.$)&4 6!/! &.)*! -0"#$! $! 5&'#7,& &5&')!
13.#8!-1$)14 +&" 5*&5*#1%!%1' #%9$)#+!' 1 "1'"! &*#1$)!7,& %!' fi;*!' <=#>?@?@A? B&* !5C
*1'1$)!*1" 13.!7D1' +&$')#).)#8!' "!#' '#"5-1' 1 5&* '1*1" "!#' 2!+#-"1$)1 !$!-#'!%&'4 &'
-!"#$!%&' '#"()*#+&' ',& 1E)1$'!"1$)1 .)#-#F!%&' $! 1$>1$6!*#!?
G 1E#')9$+#! %1 ." 5-!$& "(%#& ( ."! +&$%#7,& $1+1''H*#! 5!*! ."! !$H-#'1 ;#%#"1$'#&$!-?
I!'& +&$)*H*#&4 ! !5-#+!7,& %1 3.!-3.1* +!**1>!"1$)& 1" *1-!7,& !& 1#E& x3 >1*!*#! fl1E,& %!
+6!5!4 1 +&$'13.1$)1"1$)14 & !5!*1+#"1$)& %1 %1'-&+!"1$)&' 2&*! %& 5-!$&?
K #"5&*)!$)1 -1";*!* 3.14 5!*! 3.1 ! 2&*".-!7,& !5*1'1$)!%! $1')1 )*!;!-6& '1/! L)#- !& '1
)*!)!* -!"#$!%&' '#"()*#+&'4 %181C'1 +&$'#%1*!* 3.1 !' %12&*"!7D1' !& -&$>& %1 )&%! 1'51'C
'.*! %& -!"#$!%& ',& '1"5*1 !' "1'"!'? M. '1/!4 $,& 6H 1'+&**1>!"1$)& 1$)*1 !' +!"!%!'
%& -!"#$!%&?
G' +&"5&$1$)1' %& )1$'&* %1 )1$',& %1 ." -!"#$!%& ',& &;)#%!' !)*!8(' %! #$)1>*!7,& %!'
+&"5&$1$)1' %1 )1$'&* %1 )1$'D1' %1 +!%! -0"#$! !& -&$>& %1 )&%! ! 1'51''.*! e %& -!"#$!%&N
σij =
1
e
e/2ˆ
−e/2
σ
′
ijdx3, <@?@OA
&$%1 σ
′
ij ( & )1$'&* %1 )1$'D1' %1 +!%! -0"#$! 1 σij ( & )1$'&* %1 )1$'D1' >-&;!- %& -!"#$!%&?
I&$'#%1*!$%& ." -!"#$!%& %1 N -0"#$!' &*)&)*P5#+!'4 !' 2&*7!' !).!$)1' $& '1. 5-!$& "(%#&
5&%1" '1* &;)#%!' 51-! '.;')#).#7,& %! #$)1>*!- +&$)Q$.! %! 13?<@?@OA 5&* ." '&"!)P*#& %1
#$)1>*!#'4 *121*1$)1' ! +!%! ."! %!' N -0"#$!' '15!*!%!"1$)1N


σ11
σ22
σ12

 =
1
e
N∑
l=1
hlˆ
hl−1


σ
′
11
σ
′
22
σ
′
12


l
dx3. <@?@RA
S.;')#).#$%& ! 13?<@?@RA $! 13?<@?@@A4 )1"C'1 3.1N
TU


σ11
σ22
σ12

 =
1
e
N∑
l=1


hlˆ
hl−1

 Q¯11 Q¯12 Q¯16Q¯21 Q¯22 Q¯26
Q¯61 Q¯62 Q¯66


l


ε11
ε22
ε12

 dx3

 .  !"!#$
%&'()* !"!+ ,-.(/0* &1(-2)*2&34 5/ 1*0&6*54 -&072)&84
9/654 *- 5/:4)0*;</- εij / * 0*2)&= 5/ )&'&5/=  ¯ij 846-2*62/- *4 146'4 5/ 245* * /->/--()*
5/ 8*5* 1?0&6*@ * /." !"!#$ >45/ -/) /-8)&2* 8404+


σ11
σ22
σ12

 =
1
e

 N∑
l=1

 Q¯11 Q¯12 Q¯16Q¯21 Q¯22 Q¯26
Q¯61 Q¯62 Q¯66


l
(hl − hl−1)




ε11
ε22
ε12

 dx3,  !"!A$
465/+
 ¯ij =
1
e
[
N∑
l=1
 l (hl − hl−1)
]
,  !"BC$
.(/ 7 /.(&3*1/62/ * 0*2)&= 5/ )&'&5/= '14D*1 54 1*0&6*54"
EE
 !"#$%& '" fl")*+*,*'-'" '% ,-.*#-'% / '-'% 0",% *#1"&$% '% !"#$%& '" &*2*'"34 %5 $"6-7
[aij]L =  
−1
L . 89:;<=
>. .5*!%$ ?-$%$4 / #"?"$$@&*% !&-#$A%&.-& % !"#$%&  " % !"#$%& [aij] '" 5. $*$!".- '" ?%%&B
'"#-'-$ 0-&- %5!&%: C"$!" ?-$%4 5.- !&-#A%&.-DE% $*.*,-& F -0,*?-'- #- "G:89:9;= / 5$-'-7
a
′
11 = a11 cos
4 θ + 2 (2a12 + a66) sin
2 θ cos2 θ + a22 sin
4 θ
+
(
a16 cos
2 θ + a26 sin
2 θ
)
sin 2θ
a
′
22 = a11 sin
4 θ + 2 (2a12 + a66) sin
2 θ cos2 θ + a22 cos
4 θ
−
(
a16 cos
2 θ + a26 sin
2 θ
)
sin 2θ
a
′
12 = a12 + (a11 + a22 − 2a12 − a66) sin2 θ cos2 θ + 12 (a26 − a16) sin 2θ cos 2θ
a
′
66 = a66 + 4 (a11 + a22 − 2a12 − a66) sin2 θ cos2 θ + 2 (a26 − a16) sin 2θ cos 2θ
a
′
16 =
[
a22 sin
2 θ − a11 cos2 θ + 12 (2a12 + a66) cos 2θ
]
sin 2θ
+a16 cos
2 θ
(
cos2 θ − 3 sin2 θ
)
+ a26 sin
2 θ
(
3 cos2 θ − sin2 θ
)
a
′
26 =
[
a22 cos
2 θ − a11 sin2 θ + 12 (2a12 + a66) cos 2θ
]
sin 2θ
+a16 sin
2 θ
(
3 cos2 θ − sin2 θ
)
+ a26 cos
2 θ
(
cos2 θ − 3 sin2 θ
)
, 89:;H=
H9
 !"#$% &'() *$%+,-.$/%01. 23 ,!,43/% 23 5..$23+%2%,
.+23
[
a
′
ij
]
$36$3,3+4% % /%4$!7 23 5.+,4%+43, 389,4!5%, +. ,!,43/% 23 5..$23+%2%,
(
w
′
1, w
′
2
)
3 [aij] $36$3,3+4% % /%4$!7 23 5.+,4%+43, 3894!5%, +. ,!,43/% 23 5..$23+%2%, "8.:%8 (w1, w2)
; !"'&'(<'
=, $%>73, 2% 3?#%01. 5%$%543$>,4!5% ('@A 6.23/ ,3$ 3,5$!4%, +#/ +.B. ,!,43/% 23 5..$23+%2%,
5./. C@(D)
µ
′
k =
µk cos θ − sin θ
cos θ + µk sin θ
. ;&'(&<
 !" #$%&'()* +&,-./),0.1* 2,1*$034516.*
E%$% ,3 .:43$ %, ,.8#0F3, -#+2%/3+4%!, 3,494!5%, 6%$% 6$.:83/%, :!2!/3+,!.+%!, 3/ /%43$!%!,
%+!,.4$G6!5.,H 5.+,!23$%I,3 #/ 2./>+!. Ω /%63%2. 3/ #/ 2./>+!. 5./683J.H #4!8!7%+2. %,
,3"#!+43, /#2%+0%, 23 B%$!9B3!,)
z
′
=
[
z
′
1
z
′
2
]
=
[
x
′
1 + µ1x
′
2
x
′
1 + µ2x
′
2
]
, ;&'((<
@(
 z =
[
z1
z2
]
=
[
x1 + µ1x2
x1 + µ2x2
]
, !"#$%&
'() x
′
1  x
′
2 *+' ,''-) (.).* ) /'(0'* 1'(0  x1  x2 *+' ,''-) (.).* ) /'(0'* ) ,.2/'#
3'(*4) -.()' ' )'25(4' 1 ,6.)'  2 0'-(' )'* /'(0'* ) ,.2/'7 ,'2 1'-8.* ) *9/ -15,4 
) fi(4).* / ;.  <#!=#$&  0 (*> * ) fi(4).* / ;.*  <#!"#=%&7 0 2?* <9 @
ˆ
Γt
t1dΓ = 2Re [µ1Ψ1 + µ2Ψ2] = −δα1
!"#$A&ˆ
Γt
t2dΓ = 2Re [Ψ1 +Ψ2] = −δα2 .
B.-. 92 /'(0' ,.-- C.)' (. )4- 8+' x17 .* 19(8> * ) 0 (*+' ) D4-E /') 2 * - - /- * (?
0.).* /'-@
Ψαβ = Aαβln
(
z − z′
)
, !"#$F&
 /') 2 * - *.04*1 40.* /'- <9.;<9 - ,'(0'-(' 1 ,6.)' .)'0.)' /'- z
′
#
D,'/;.()' .*  <#!"#$F&   <#!"#$A&  ,'(*4) -.()' <9 ln
(
z − z′
)
= 2pii7 'G0H2?* )9.*
 <9.8> * /.-. .* ,'(*0.(0 * ) *,'(6 ,4).* Aαβ@
Aα1 − A¯α1 + Aα2 − A¯α2 = δα2/ (2pii)
µ1Aα1 − µ¯1A¯α1 + µ2Aα2 − µ¯2A¯α2 = −δα1/ (2pii)
. !"#$I&
D4(). *+' ( , **J-4.* )9.* '90-.*  <9.8> * /.-. <9 * /'**. 'G0 - Aαβ7   **.*  <9.8> *
*9-C 2 ).  K4CL(,4. <9 '* ) *;',.2 (0'* 0 (6.2 M.;'- * N(4,'*@
[[ui]] = 0, !"#$O&
=%
 !!"# !$%&'(
q11Aα1 − q¯11A¯α1 + q12Aα2 − q¯12A¯α2 = 0
q21Aα1 − q¯21A¯α1 + q22Aα2 − q¯22A¯α2 = 0
. )*+,-.
/0123 %&'  ! $4+)*+,-. $ $4+)*+56.7 1$!'89$%&' ' !"!:$# 3 1 ';:$1 Aαβ $  <'38 %&' ' 1$=
!28: &' % $42 >?' &$ &$!8'< #$%:'! )*+@A.7  !'82>?' B2%& #$%: 8 &$ &$!8'< #$%:'! 3 1 
$!: &' 38 %' &$ :$%!?'  %"!':1C3"<' D & & 3'1(
Uαβ = 2Re
[
qβ1Aα1ln
(
z1 − z′1
)
+ qα2Aβ2ln
(
z2 − z′2
)]
. )*+,E.
F$ # %$"1 !"#"8 17  !'82>?' B2%& #$%: 8 &$ B'1> ! &$ !23$1BG<"$ 3 1 $!: &' 38 %' &$ :$%!?'
 %"!':1C3"<' D ';:"& 7 $ D & & 3'1(
Tαβ = 2Re

 1(
z1 − z′1
)gα1 (µ1n1 − n2)Aβ1 + 1(
z2 − z′2
)gα2 (µ2n1 − n2)Aβ2

 , )*+,@.
'%&$(
[gβα] =
[
µ1 µ2
−1 −1
]
, )*+,*.
$ n1 $ n2 !?'  ! <'#3'%$%:$! &' 9$:'1 %'1# 8 $H:$1%'+
@A
 !"#$%&' (
)'*+%&!,-' ./$01*!& 20 3&0+0/$'4 20
 '/$'*/'
 !" #$%&'()*+'
 !"# $%&'"()* "+%"% ,% "#*+-% # -.&)#.#/"%01* ,* .2"*,* ,# #)#.#/"*! ,# $*/"*+/* %&)-$%,*
3 %/4)-!# ,# $5%&%! "+-/$%,%! $*. +#&%+*! ,# .%"#+-%) $*.&6!-"*7 8/-$-%).#/"# (.% 9+#:#
+#:-!1* !*9+# * .2"*,* ,# $*/"*+/* 2 %&+#!#/"%,%7 ;*<* #. !#<(-,%= !1* %&+#!#/"%,%! %!
#>(%0?#! -/"#<+%-! >(# <*:#+/%. * $*.&*+"%.#/"* ,-/@.-$* ,% $5%&% # ,* +#&%+*7 A1*
%&+#!#/"%,%! %! "#*+-%! ,* .2"*,* ,(%) ,# #)#.#/"*! ,# $*/"*+/* BCD EF # ,* .2"*,* ,#
,(&)% +#$-&+*$-,%,# ,# #)#.#/"*! ,# $*/"*+/* BCGD EF7 H ,#.*/!"+%,% % ,-!$+#"-I%01* ,%!
#>(%0?#! -/"#<+%-! +#!()"%/"#! #. #)#.#/"*! ,# $*/"*+/*7 J-/%).#/"# 2 %&+#!#/"%,% * !-!"#.%
,# #>(%0?#! .%"+-$-%-! >(# <*:#+/% * &+*9)#.% % !#+ +#!*):-,*7
 !, -.%'(' (/ 01/2/$%'3 (/ 4'$%'&$'
K "#*+#.% ,# L#""- ,#"#+.-/% >(# * "+%9%)5* >(# M*+0%! ,# !(&#+M'$-# t1α= # M*+0%! ,# $*+&*
f 1α= %&)-$%,%! #. (. !-!"#.% #. #>(-)'9+-*= #N#+$#. /*! ,#!)*$%.#/"*! u
2
α ,# (. !#<(/,*
!-!"#.%= 2 -<(%) %* "+%9%)5* >(# (. $*/O(/"* ,# M*+0%! ,# !(&#+M'$-# t2α= # M*+0%! ,# $*+&*
f 2α= %&)-$%,%! /#!!# !#<(/,* !-!"#.% #. #>(-)'9+-*= #N#+$# /*! ,#!)*$%.#/"*! u
1
α ,* &+-.#-+*
!-!"#.%7  !"# "#*+#.% &*,# !#+ ,#!$+-"* /% M*+.% PQRST
ˆ
Γ
t1iu
2
i dΓ +
ˆ
Ω
f 1i u
2
i dΩ =
ˆ
Γ
t2iu
1
i dΓ +
ˆ
Ω
f 2i u
1
i dΩ. BU7VF
K .2"*,* ,# #)#.#/"*! ,# $*/"*+/*= /* $%!* ,% #)%!"-$-,%,#= "+%9%)5% $*. % !*)(01* ,#
QW
 !"#$% & '() *+#'& , -.().+(. !" , &-+ / 0 . -.01.+)#0 (). 0 -2('-. , "0 , ) +0'3
(#,. &'&) 0#4 5 ', ()',#, , 6.0'*7'#(# 8 "0# 9.+0"7#$:. , '() *+#'& , -.().+(. .;)',#
#)+#/8& ,. ) .+ 0# , < ))' 1#+# 1+.;7 0#& ,  7#&)'-',#, 4 =.(&', +#(,. !" . & *"(,.
&'&) 0# 8 #&&.-'#,. # &.7"$% & 9"(,#0 ()#'&  . 1+'0 '+. &'&) 0# 8 . !" , / & + + &.7/',.>
# ', ()',#, , 6.0'*7'#(# 8 ,#,# 1.+?
ˆ
Γ
tαUαβdΓ +
ˆ
Ω
fαUαβdΩ =
ˆ
Γ
TαβuαdΓ +
ˆ
Ω
δαβuαdΩ, @A4BC
.(, Uαβ  Tαβ &:. #& &.7"$% & 9"(,#0 ()#'& , , &7.-#0 ().  9.+$#& , &"1 +9D-' > ,#,#&
1 7#&  !4@B4EAC   !4@B4EFC 1#+#  7#&)'-',#, '&.)+G1'-#  1 7#&  !4@H4FEC   !4@H4FBC 1#+#  7#&)'3
-',#, #('&.)+G1'-#4 I#J (,.3& "&. ,# 1+.1+' ,#, ,# 9"($:. , 7)# , K'+#-> . L7)'0. ) +0.
,#  !4@A4BC , &#1#+ - > + &"7)#(,. (. &'&) 0#?
ˆ
Γ
tαUαβdΓ +
ˆ
Ω
fαUαβdΩ =
ˆ
Γ
TαβuαdΓ + cαβuα, @A4HC
.(, cij 8 E 1#+# 1.().& (. ,.0D('. , &'&) 0#> J +. 1#+# 1.().&  M) +(.& #. &'&) 0#>  N4F
1#+# 1.().& (. -.().+(. ,. &'&) 0# OBNP> , &, !"  &) -.().+(. & Q# &"#/ 4
5  !4@A4HC 8 "0#  !"#$:. #(#7D)'-# 1#+# #(R7'& & , 1+.;7 0#& ,  7#&)'-',#, !" 1 +0') 
&.0 () # #/#7'#$:. , 1+.;7 0#& 0"'). &'017 &4 S#+# 1+.;7 0#& -.017 M.&> 8 ( - &&R+'.
. "&. , 08).,.& ("08+'-.&4 T 08).,. ("08+'-. ")'7'J#,. ( &) )+#;#7U. 8 . 08).,. , 
 7 0 ().& , -.().+(.>  -.(&'&)  0 ,'/','+ . -.().+(. ,. &'&) 0#  0 #(R7'&  0 nelem
 7 0 ().& , -.().+(.4 K &)# 9.+0# #  !4@A4HC 1., & +  &-+')# (# 9.+0#?
cαβuα +
nelem∑
e=1
ˆ
Γe
TαβuαdΓe =
nelem∑
e=1
ˆ
Γe
tαUαβdΓe. @A4AC
517'-#(,. #  !4@A4AC # -#,# "0 ,.& (G& ,. -.().+(. ,. &'&) 0#> .;)803& "0 &'&) 0# , 
 !"#$% & #7*8;+'-#& (# 9.+0#?
 ! = "#, @A4FC
.(, #& 0#)+'J &   " -.()80 #& '() *+#'& ,#& &.7"$% & 9"(,#0 ()#'& Uαβ  Tαβ>  .& / ).+ &
BV
   !"#$%& "' ()*"+ ' #",)-' , , '*"!)& #$"'  ."+/)' , '01 +.2!- 3 !"#4 !-,"' "0 #5"6
7$+)(%' , &)#-10*)/8 ' )*9%:+-!)'3 1", ;' -'"*)+ )' ()+-<( -' !"#4 !-,)'  & 0& ( $"+ !3 , 
."+&) =0 )  =6>?6@A 1"'') ' +  '!+-$) #) ."+&)B
"# = !, >?6CA
"#, " ( $"+ # !"#$%& $",)' )' ()+-<( -' , '!"#4 !-,)' #" !"#$"+#" ," 1+":* &)6
 !" #$%&%'()* +% ,)'()-') ,)'(.'/)* % 0%*1)'(.'/)*
D' ( $"+ ' , , '*"!)& #$"' #",)-'  ."+/)' , '01 +.2!- #",)-' , 0&  * & #$" =0),+<$-!"
'5" ,),"' + '1 !$-()& #$ 1"+EFGHB
$ =
[
ϕ1 0 ϕ2 0 ϕ3 0
0 ϕ1 0 ϕ2 0 ϕ3
]


u11
u11
u12
u21
u22
u31
u32


>?6IA
 
 =
[
ϕ1 0 ϕ2 0 ϕ3 0
0 ϕ1 0 ϕ2 0 ϕ3
]


u11
t11
t12
t21
t22
t31
t32


, >?6JA
"#, 1)+)  * & #$"' =0),+<$-!"' !"#$2#0"' >K-96?6LA3 ϕi % ,)," 1"+B
K-90+) ?6LB M* & #$" =0),+<$-!" !"#$2#0"
FN
ϕ1 = 0.5η (η − 1)
ϕ2 = 1− η2  !"#$
ϕ3 = 0.5η (η + 1) ,
% &'(' %)%*%+,-. /0'1(2,34-. 1%.4-+,5+0-.  637"!"8$ 9 1'1- &-(
6370(' !"8: ;)%*%+,- /0'1(2,34- 1%.4-+,5+0-
ϕ1 =
9
8
η
(
η − 2
3
)
ϕ2 =
9
4
(
4
9
− η2
)
 !"<=$
ϕ3 =
9
8
η
(
η +
2
3
)
.
> '?')3'@A- 1' 3+,%7(') 1% 4-+,-(+-B 1'1' &%)' %/" !"!$B (%/0%( - 0.- 1% 0* C'4-D3'+- 1'1-
&-(:
Jac (η) =
√√√√(dx1
dη
)2
+
(
dx2
dη
)2
=
dΓe
dη
,  !"<<$
E=
 !"!#
dΓe = Jac (η) dη. $%&'()
*+,-./.+/01! 2 34&$%&'() 02 34&$%&%)# 5!136-3 73-! 837 ! 57!, 392 2.728:- 13 /0.3"72;<!
0+9:7/=2&
 ! "#$%&'() *+,(-.%/) 0%.% 12%0%) 3./+4%5%) 467 8(0%.6)
5( 9%,(./%: 1670;)/,6
>/"+72 %&?@ AB252 .7/0=212 =!9 73527! =!95C-/.! =! 21!
D212 +92 =B252 .7/0=212 73527212 =!9 92.37/2 =!95C-/.! =! 21! $>/"&%&?)# 3 =!0-/137201!
4+3 3 2 3-.E -+,93./12 F +92 =27"2 1/0G9/=2 4+2 4+37# 21/=/!026-3 +9 .379! 5272 73573-30.27
!- 3H3/.!- 13 /0:7=/2 13 =212 =!95!030.3 02- -+2- 73-53=./82- 34+2;I3- 13 34+/ J,7/! K?LM& N
34+2;<! /0.3"72 5272 2 =B252 (S) 39 +9 5!0.! H!0.3 (x′) : 1212 5!7@
?'
cSij (x
′)uSj (x
′) +
ˆ
ΓS
T Sij (x
′, x)uSj (x
′) dΓ =
ˆ
ΓS
USij (x
′, x) tSj (x
′) dΓ+
1
hS
ˆ
ΩR
USij (x
′, x) bSj (x
′) dΩ +
ˆ
ΩS
USij (x
′, x) ρu¨Sj (x
′) dΩ .  !"#$%
&' ()*'+,) -+(+.),/ ) '01)234 +*5'6,). 7),) 4 ,'7),4 (R) 8 9)9) 74,:
cRij (x
′)uRj (x
′) +
ˆ
ΓR
TRij (x
′, x)uRj (x
′) dΓ =
ˆ
ΓR
URij (x
′, x) tRj (x
′) dΓ+
1
hR
ˆ
ΩR
URij (x
′, x) bRj (x
′) dΩ +
ˆ
ΩR
URij (x
′, x) ρu¨Rj (x
′) dΩ ,  !"#!%
4*9' cij (x
′) 8 1( ;4'fi;+'*5' 01' 9'7'*9' 9) 74-+234 94 74*54 =4*5' (x′) '( ,'.)234 )4 ;4*>
54,*4 01' '-5? -'*94 +*5'6,)94/ tj (x
′) ' uj (x
′) -34 =4,2)- 9' -17',=@;+' ' 9'-.4;)('*54- 94
-+-5'()/ Tij (x
′, x) ' Uij (x
′, x) -34 -4.12A'- =1*9)('*5)+- 9' =4,2)- 9' -17',=@;+' ' 9'-.4;)>
('*54-/ h ' ρ -34 ,'-7';5+B)('*5' ) '-7'--1,) ' ) 9'*-+9)9' 94 ()5',+). 94 ;4(74*'*5' 01'
'-5? -'*94 ;4*-+9',)94" C- 7,+('+,4- 5,D- 5',(4- 9) '0" !"#$% ' 9) '0" !"#!% -' ,'=','( )
=4,(1.)234 ;.?--+;) 9) '.)-54'-5?5+;)/ 4 01),54 5',(4 -' ,'=',' )4 );47.)('*54 9) ;E)7) ' 94
,'7),4/ ' 4 F.5+(4 5',(4 -' ,'=',' )4 '='+54 9' =4,2)- 9' ;4,74 9'B+94 G- ()--)- 9) ;E)7) '
94 ,'7),4 -1H('5+9)- G ;),6) 9+*I(+;)" J- ,')2A'- 9' ;+-).E)('*54 *4 )9'-+B4 bj (x
′) -',34
;).;1.)9)- )5,)B8- 9) 9+=','*2) 9' 9'-.4;)('*54 '*5,' 4- 74*54- 7),5+.E)94- 7'.) ;E)7) ' 4
,'7),4 K$LM:
bj (x) =
SA
hA
{
uSj (x
′)− uRj (x′)
}
,  !"#N%
4*9' SA 8 4 (O91.4 9' ;+-).E)('*54 94 ()5',+). 94 )9'-+B4 ' hA 8 ) '-7'--1,) 9) ;)()9) 94
)9'-+B4" P +(74,5)*5' .'(H,), 01' 4- @*9+;'- (S) ' (R) *)- '0" !"#$%/ '0" !"#!% ' '01)2A'-
74-5',+4,'- *34 +(7.+;)( '( 01).01', 5+74 9' -4()5O,+4/ ' -',B'( )7'*)- 7),) +9'*5+fi;), 4
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′
ij* 1# .!-'#$ 1! .!-'2!'*
'3# 1&1&' ,#$4


σ11
σ22
σ12

 =


σI11 + σ
II
11
σI22 + σ
II
22
σI12 + σ
II
12



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√
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6M
 !"#$% ! k = (3− 4ν) &'(' !# ')% &*'"% )! )!+%(,'-$%. !
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√
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1
2
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2
2
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3
2
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4
2
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5
2
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6
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7
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8
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9
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